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Abstract We study the behavior of Quantum Dar-
winism (Zurek, [8]) within the iterative, random unitary
operations qubit-model of pure decoherence (Novotny´ et
al, [6]). We conclude that Quantum Darwinism, which
describes the quantum mechanical evolution of an open
system S from the point of view of its environment E, is
not a generic phenomenon, but depends on the specific
form of input states and on the type of S-E-interactions.
Furthermore, we show that within the random unitary
model the concept of Quantum Darwinism enables one
to explicitly construct and specify artificial input states
of environment E that allow to store information about
an open system S of interest with maximal efficiency.
1 Introduction
From everyday-experience, classical states »pre-exist«
objectively and as such constitute »classical reality« in
a sense that the state of an open system S can be mea-
sured and agreed upon by many independent, mutu-
ally non-interacting observers, without being disturbed.
This is done by intercepting fragments (≡ observers) of
the environment E (indirect or non-demolition measure-
ment [1]). Thus, one may ask: which sort of informa-
tion about system S is redundantly and robustly memo-
rized by numerous distinct E-fragments, such that mul-
tiple observers may retrieve this same information in a
non-demolishing fashion, thereby confirming the effective
classicality of the S-state?
Zurek’s concept of Quantum Darwinism tries to an-
swer the above question by investigating what kind of in-
formation about system S the environment E can store
and proliferate in a stable, complete and redundant way.
It turns out that this redundantly stored information
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proliferated throughout environment E is the Shannon-
entropy of the decohered system S, that contains infor-
mation about S-pointer states [5,8].
These pointer-states, also known as interaction-robust
S-states, are those S-states most immune (invariant) to-
wards numerous interactions with the environment E.
They are singled out by a characteristic dynamical phe-
nomenon, an interaction-induced decoherence, which ex-
plains the process of destruction of quantum superposi-
tions between states of an open quantum system S as
a consequence of its interaction with an environment E.
Most decoherence-based explanations of the emergence
of classical S-states from quantum mechanical dynamics
deal solely with observations which can be made at the
level of system S, degrading its environment E to the
role of a »sink« that carries away unimportant informa-
tion about the preferred pointer-basis of the observed
system S [1].
However, whereas the decoherence paradigm usually
distinguishes between an open system S and its envi-
ronment E, without specifying the structure of the lat-
ter, Quantum Darwinism subdivides the environment
E into non-overlapping subenvironments (fragments or
“storage cells”) accessible to measurements, that have al-
ready interacted with system S in the past and thus en-
close Shannon-information (entropy) about its preferred
(pointer) states (i.e. E-registry states are assumed to
have a tensor product structure). In other words, Quan-
tum Darwinism changes the perspective and regards the
environment E as a large resource (»quantum memory«)
which could be used for indirect acquisition and storage
of relevant information about system S and its pointer-
basis (i.e. E becomes a “witness” to the observed S-state)
[8].
Accordingly, one can quantify the “degree of objectiv-
ity” of S-states by simply counting the number of copies
of their information record in environment E. This num-
ber of copies of the information deposited by a particular
S-state into environmental fragments after many S-E-
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interactions reveals its redundancy R. The higher the R
of a particular S-state, the more “classical” it appears.
Similar to the Darwinistic concept “survival of the
fittest”, the S-pointer states represent the “fittest” (“quasi-
classical”) states of an open system S that survive nu-
merous S-E-interactions (measurements) long enough to
deposit (imprint) multiple copies of their information
into environment E [3]. Ergo: high information redun-
dancy of S-states within environment E implies that in-
formation about the “fittest” observable (pointer state)
of system S that survived constant monitoring by the en-
vironment E has been successfully distributed through-
out all E-fragments, enabling the environment to store
redundant copies of information about preferred sys-
tem’s observables and thus account for their objective
existence (“ein-selection” [2,4]).
In the following we intend to compare two qubit mod-
els of Quantum Darwinism: Zurek’s C(ontrolled-)NOT-
evolution model [8] and the random unitary operations
model [6,7,10] of an open k-qubit system S interacting
with an n-qubit environment E. According to Zurek’s
qubit model the one qubit (k = 1) open system S acts
via CNOT-transformations as a control unit upon each
of the nmutually non-interacting E-qubits (targets) only
once. On the other hand, the random unitary evolu-
tion generalizes Zurek’s interaction procedure by iterat-
ing the directed graph (digraph) of CNOT-interactions
between a k ≥ 1 qubit system S and mutually non-
interacting E-qubits, represented by the corresponding
quantum operation channel, N  1 times until the un-
derlying dynamics forces the input state ρˆinSE of the en-
tire system to converge to the output state ρˆoutSE . Such
asymptotically evolved ρˆoutSE can then be described by a
subset of the total Hilbert-space HSE = HS ⊗ HE , the
so-called attractor space, and attractor states therein.
From the practical point of view, we want to answer
two questions. First: Which ρˆinSE lead to Quantum Dar-
winism? Second: Does Quantum Darwinism, and thus a
perfect transfer of Shannon-entropy into environment E,
depend on a specific model being used, or is it a model-
independent phenomenon? Namely, since the random
unitary evolution can model systems S subject to pure
decoherence by singling out the corresponding pointer
states as a result of the asymptotic iterative dynam-
ics, it also enables one to specify (in comparison with
Zurek’s model) which types of input states ρˆinSE store
the “classical” Shannon information about system S and
its pointer-basis efficiently into environment E. Finally,
we also want to use the random unitary model to see
whether Quantum Darwinism appears if we introduce
into the corresponding interaction digraph CNOT inter-
actions between E-qubits.
This article is organized as follows: Section 2 deals
with basic physical and mathematical concepts of Quan-
tum Darwinism (mutual information, CNOT transfor-
mation, partial information plots, S-pointer states) and
discusses this phenomenon within the framework of Zurek’s
qubit CNOT-evolution toy model [8]. We thereby see
that for an open pure k-qubit S-input state ρˆinS the
CNOT transformation leads to Quantum Darwinism only
if one starts with ρˆinSE = ρˆ
in
S ⊗ ρˆinE and ρˆinE prepared as
a pure n-qubit E-registry state. In section 3 we first in-
troduce the mathematical formalism of iterated random
unitary evolution [6,7,10]. In subsections 3.1 and 3.4 we
show that introducing CNOT-interactions between E-
qubits suppresses the appearence of Quantum Darwin-
ism. In subsection 3.2 we present numerical results of
the iterated random unitary evolution, concluding that
Zurek’s qubit model of Quantum Darwinism cannot be
interpreted as a short-time limit (≡ small number N of
iterations) of the random unitary evolution model.
Then we turn our attention in subsection 3.3 to the
asymptotic (N  1) behavior of mutual information
within the random unitary qubit model. This asymp-
totic behavior of mutual information of iterated, ran-
dom unitarily evolved output states ρˆoutSE allows us to
conclude that Quantum Darwinism and its appearence
depends in general on an underlying model used to de-
scribe interactions between S- and E-qubits. Finally, we
summarize the most important results of our discussion
before giving a brief outlook on interesting future re-
search problems connected with Quantum Darwinism
(section 4). All detailed analytic calculations are given
in 4 appendices: Appendix A displays output states ρˆoutSE
of Zurek’s CNOT-evolution used in section 2. Appendix
B explains why only the CNOT-transformation leads to
Quantum Darwinism, both in Zurek’s and the random
unitary evolution model. In Appendix C we derive (di-
mensionally) maximal and minimal attractor subspaces
that are used in the course of interpretation of random
unitarlly evolved ρˆoutSE in section 3. Finally, Appendix D
contains a list of ρˆoutSE obtained by means of (dimension-
ally) maximal and minimal attractor spaces that are nec-
essary for the discussion of the random unitary evolution
in section 3.
2 A qubit toy-model of Quantum Darwinism
In this section we briefly describe the simplest qubit
model of Quantum Darwinism, as suggested by Zurek
[8], involving an open pure k = 1-qubit S (given by
the state vector
∣∣Ψ inS 〉 = a |0〉 + b |1〉, (a, b) ∈ C in the
standard computational basis, where |a|2 + |b|2 != 1 ),
which acts as a control-unit on its (n ∈ N)-qubit target
(environment) E ≡ E1 ⊗ E2 ⊗ ...⊗ En.
Subsequently, we apply Zurek’s qubit evolution model
to different input states ρˆinSE of the total system and in-
vestigate whether Quantum Darwinism appears within
this model with respect to different members of a one-
parameter family of unitary transformations that also
encloses, as a special case, the unitary C(ontrolled)-NOT
operation. According to Zurek’s qubit model the interac-
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tion between system S and environment E has to occur
as follows:
1. Start with a pure k = 1-qubit open ρˆinS =
∣∣Ψ inS 〉 〈Ψ inS ∣∣
and an arbitrary n-qubit ρˆinE , where ρˆ
in
SE = ρˆ
in
S ⊗ ρˆinE .
2. Apply the CNOT-gate UˆCNOT |i〉S |j〉E = |i〉S |i⊕ j〉E
(where ⊕ denotes addition modulo 2), such that the
S-qubit i interacts successively and only once with
each qubit j of E until all n E-qubits have interacted
with S, resulting in an entangled state ρˆoutSE .
3. Trace out successively (for example from right to left)
(n− L) qubits in ρˆoutE and ρˆoutSE - this yields the L-
qubit ρˆoutEL and ρˆ
out
SEL
, with 0 < L ≤ n, and an envi-
ronmental fraction parameter 0 < f = Ln ≤ 1.
4. Compute the eigenvalue spectra
{
λ1, ..., λd(f)
}
of ρˆoutS ,
ρˆoutEf and ρˆ
out
SEf
and the f -dependent von Neumann
entropies
H (ρˆ (f)) = −
d(f)∑
i=1
λi log2 λi ≥ 0,
d(f)∑
i=1
λi
!
= 1
(where d (f) is the dimensionality of ρˆ (f) in ques-
tion).
5. Divide all entropies by H (Sclass) to obtain the ratio
I (S : Ef ) /H (Sclass) depending on the E-fraction
parameter f , with mutual information (MI)
I (S : Ef ) = H (S) +H (Ef )−H (S, Ef ) , (1)
that quantifies the amount of the proliferated Shan-
non entropy (»classical information«) [3,9]
H (Sclass) = −
∑
i
pi log2 pi = H ({|pii〉}) , (2)
where probabilities pi = TrE 〈pii| ρˆclassSE |pii〉 emerge as
partial traces of an effectively decohered (»quasi clas-
sical«) S-state ρˆclassS w.r.t. the particular S-pointer-
basis {|pii〉}, and the redundancy
R = 1/f∗ (0 < f∗ ≤ 1)
with I (S : Ef=f∗) ≈ H (Sclass) (n 1) (3)
of the measured {|pii〉} in the limit n 1 of effective
decoherence.
6. Finally, plot I (S : Ef ) /H (Sclass) vs 0 < f ≤ 1
(Partial Information Plot (PIP) of MI).
Now we look at the specific input state
ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ |0n〉 〈0n|
with |0n〉 ≡ |0〉⊗n (ground state ρˆinE ) [8]. Let the one S-
qubit transform each E-qubit via CNOT only once until
the entire environment E is affected, giving ∀L > 0∣∣ΨoutSEL=n〉 = a |0〉 ⊗ |0L=n〉+ b |1〉 ⊗ |1L=n〉 , (4)
with von Neumann-entropies
H (S, EL) = H (Sclass) · (1− δL,n)
H (EL) = H (S) = H (Sclass)
H (Sclass) = − |a|2 log2 |a|2 − |b|2 log2 |b|2 .
(4) shows that I (S : Ef ), after the L-th E-qubit has
been taken into account, increases from zero to the value
I (S : Ef ) ≡ H (Sclass)⇒ I (S : Ef ) /H (Sclass) = 1,
implying that each fragment (qubit) of environment E
supplies complete information about the S-pointer ob-
servables {|pii〉}. Since the very first CNOT-operation
forces the system S to decohere completely into its pointer
basis {|pii〉} ≡ {|0〉 , |1〉}, one encounters the influence of
Quantum Darwinism on system S: from all possible S-
states, which started its dynamics within a pure ρˆinS , only
diagonal elements survive constant monitoring of envi-
ronment E, whereas off-diagonal elements of ρˆinS vanish
due to decoherence, i.e. monitoring of system S by its
environment E selects a preferred {|pii〉}, leading to a
continued increase of its R throughout the environment
E.
After decoherence we obtain
I (S : Ef ) = H (Sclass) = H (Ef ) = H (S, Ef ) ,
valid for any E-fragment, as long f < 1. After inclu-
sion of the entire environment E (f = 1) we obtain the
maximum
I (S : E) = 2H (Sclass)
of MI (»quantum peak«, accessible through global mea-
surements of ρˆoutS,E due to H (S, Ef=1) = 0). Since each
E-qubit in (4) is assumed to contain a perfect informa-
tion replica about {|pii〉}, its R is given by the number of
qubits in the environment E, e.g. R = n. This constrains
the form of MI in its PIP (see Fig. 1), which jumps from
0 to H (Sclass) of S at f = f∗ = 1/n, continues along the
’plateau’ until f = 1 − 1/n, before it eventually jumps
up again to 2H (Sclass) at f = 1.
I (S : Ef ) /H (Sclass) ≥ 1 indicates highR (objectiv-
ity) of H (Sclass) proliferated throughout E. Also, by in-
tercepting already one E-qubit we can reconstruct {|pii〉},
regardless of the order in which the n E-qubits are being
successively traced out. Only if we need a small fraction
of the environment E enclosing maximally n·f∗ = k  n
E-qubits [8], to reconstruct {|pii〉}, Quantum Darwin-
ism appears: i.e., it is not only important that the PIP-
’plateau’ appears, more relevant is its length 1/f∗ ≡ R
of {|pii〉}.
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Fig. 1: PIP of MI and R of H (ρˆoutS ) = H (Sclass) stored
in E w.r.t. 0 < f = L/n ≤ 1, k = 1 qubit pure ρˆinS ,
ρˆinE = |0n〉 〈0n|, ρˆinSE = ρˆinS ⊗ ρˆinE in (4), after ÛCNOT-
evolution in accord with Zurek’s model [8].
The main question we aim to address w.r.t. Zurek’s
and the random unitary operations model is: Which types
of input states ρˆinSE validate the relation
I (S : Ef )
H (Sclass)
=
H (S) +H (Ef )−H (S, Ef )
H (Sclass)
≥ 1, (5)
with H (S) ≈ H (Sclass) and H (Ef ) ≥ H (S,Ef ) at
least for all (k ≤ L ≤ [n 1]), regardless of the order
in which the n E-qubits are being successively traced
out from the output state ρˆoutSE? In order to answer this
question we discuss in the following the f -dependence of
MI for different ρˆinSE from the point of view of Zurek’s
qubit model. Fig. 2 below displays the behavior of the
MI vs f for different ρˆinE from Tab. 1 in Appendix A
which justifies the following conclusions:
It is in general important in which order one traces
out E-qubits from the output-state ρˆoutSEL , as indicated by
the •-dotted curve (Quantum Darwinism appears) and
the -dotted curve (no Quantum Darwinism, since the
relation H (EL) = H (S, EL) holds only ∀ (k < L ≤ n),
but not for L = k) in Fig. 2: when tracing out E-qubits
as in (4) from right to left Quantum Darwinism appears
only if, for each fixed value of (k ≤ L < n), ρˆoutSEL acquires
the structure displayed in (4), that emerges when start-
ing the CNOT-evolution with a pure, n-qubit registry
input state of the environment ρˆinE = |0n〉 〈0n|.
Introducing classical correlations into ρˆinSE = ρˆ
in
S ⊗
ρˆinE (with a one-qubit pure ρˆ
in
S ) by writing ρˆ
in
E as a
convex sum of pure n-qubit registry states |y〉 〈y|, with
y ∈ {0, ..., 2n − 1} (rank one operators) in the standard
computational basis, tends in general to suppress the ap-
pearance of the MI-plateau: in case of a totally mixed ρˆinE
the MI is even zero ∀ (0 < L < n), as indicated by the
-dotted and N-dotted curves in Fig. 2. Quantum corre-
lations within ρˆinE do not improve the situation, but lead
in general to the relation H (S) = H (ρˆoutS ) < H (Sclass)
instead, as shown by the H-dotted curve in Fig. 2.
We can extend Zurek’s interaction algorithm to sys-
tems S with more than one qubit (k > 1) by assuming
the environment E to contain n′ = k · n k qubit-cells
(i.e. one subdivides n′ E-qubits into k disjoint subsets
E ≡ ⋃ki=1Ei with |Ei| = n∀i) and allowing each S-qubit
to interact with only one Ei-subset of environment E and
only once with each of the n  k E-qubits within the
particular Ei.
Then, with ρˆinSE = ρˆ
in
S ⊗ ρˆinE , for ρˆinE = |0n′〉 〈0n′ | and
a pure two-qubit (k = 2) state ρˆinS , the corresponding
PIP is given for all (k = 2 ≤ L ≤ n′ − k) by the •-dotted
plateau in Fig. 2, whereas1
H (S, EL) < H (EL) , n
′ − k + 1 ≤ L ≤ n′
0 ≤ I (S : EL=1) /H (Sclass) ≤ 0.5, 0 < L < k = 2.
Thus, in Zurek’s pure decoherence qubit-model of
Quantum Darwinism the specified CNOT-evolution yields
the MI-plateau also for pure ρˆinS with k > 1 qubits if we
start its evolution within ρˆinSE = ρˆ
in
S ⊗ρˆinE and with a pure
one registry n′-qubit state ρˆinE = |y〉 〈y| in the standard
computational basis (y ∈
{
0, ..., 2n
′ − 1
}
).
Certainly, if we deliberately design ρˆinSE such that
it remains unaltered under the CNOT-evolution by en-
tangling the pointer-basis {|pii〉} ≡ {|0〉 , |1〉} of a k =
1 qubit system S with one-qubit E-eigenstates |s1〉 =
2−1/2 (|0〉+ |1〉) and |s2〉 = 2−1/2 (|0〉 − |1〉) of the CNOT-
transformation (Pauli matrix) σˆx according to
∣∣Ψ inSE (L = n)〉 = a |0〉 ⊗ ∣∣sL=n1 〉+ b |1〉 ⊗ ∣∣sL=n2 〉∣∣sLm〉 = |sm〉⊗L , σˆx |sm〉 = (−1)m+1︸ ︷︷ ︸
:=λ
|sm〉 (6)
(with m ∈ {1, 2}, 〈s1|s2〉 = 0), (6) would lead to the
PIP displayed in Fig. 1: i.e. Quantum Darwinism would
appear. One can even show that (6) leads to Quantum
Darwinism only for k = 1 qubit system S (s. Appendix
B).
1 the lower bound follows from the trivial initial probability
distribution
{|ai|2 = 1, |ai′ |2 = 0 ∀i′ 6= i}, whereas the upper
bound emerges from
{|ai|2 = 2−k}2k−1i=0 ∀i in ρˆinS .
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Fig. 2: PIP for ρˆoutSE from ρˆ
in
SE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE (where
k = 1, n = 9,
∣∣Ψ inS 〉 = a |0〉 + b |1〉) and different ρˆinE (s.
also Tab. 1 in Appendix A) in Zurek’s qubit model.
3 Random Unitary Model of Quantum
Darwinism
In the present section we summarize the iterative evo-
lution formalism of the random unitary model before
discussing its most important results regarding Quan-
tum Darwinism in subsections 3.1-3.4.
Random unitary operations can model the pure de-
coherence of open system S with k qubits (control, index
i) interacting with n E-qubits (targets j) (as indicated
in the directed interaction graph (digraph) in Fig. 3)
by the one-parameter family of two-qubit ’controlled-U’
unitary transformations (in the standard one-qubit com-
putational basis {|0〉 , |1〉})
Û
(φ)
ij = |0〉i 〈0| ⊗ Î(j)1 + |1〉i 〈1| ⊗ û(φ)j (7)
(where Î(j)1 = |0〉j 〈0| + |1〉j 〈1|). (7) indicates that only
if an S-qubit i should be in an excited state, the corre-
sponding targeted E-qubit j hast to be modified by a
(0 ≤ φ ≤ pi)-parameter û(φ)j [7] (with Pauli matrices σˆl,
l ∈ {x, y, z})
û
(φ)
j = σˆ
(j)
z cosφ+ σˆ
(j)
x sinφ⇒ û(φ=pi/2)j = σˆ(j)x , (8)
which for φ = pi/2 yields the CNOT-gate [6,7,10]. Ar-
rows of the interaction digraph (ID) in Fig. 3 from S- to
E-qubits represent two-qubit interactions û(φ)j between
randomly chosen qubits i and j with probability distri-
bution pe used to weight the edges e = (ij) ∈ M of
the digraph (E-qubits are in general allowed to interact
among themselves).
All interactions are well separated in time. The S-
qubits do not interact among themselves. In order to
model the decoherence-induced measurement process of
system S by environment E we let an input state ρˆinSE
evolve by virtue of the following iteratively applied ran-
dom unitary quantum operation (completely positive uni-
tal map) P () ≡∑e∈M Ke ()K†e (with Kraus-operators
given by Ke :=
√
peÛ
(φ)
e ) [6,7,10]:
1. The quantum state ρˆ(N) afterN iterations is changed
by the (N + 1)-th iteration to the quantum state (quan-
tum Markov chain)
ρ̂ (N + 1) =
∑
e∈M
peÛ
(φ)
e ρ̂ (N) Û
(φ)†
e ≡ P (ρ̂ (N)) . (9)
Fig. 3: Interaction digraph (ID) between system S and
environment E with pure decoherence within the ran-
dom unitary model [7].
2. In the asymptotic limit N  1 ρ̂ (N) is indepen-
dent of (pe, e ∈M) and determined by linear attrac-
tor spaces Aλ ⊂ HSE , as subspaces of the total S-E-
Hilbert space HSE = HS ⊗ HE to the eigenvalues λ
(with |λ| = 1), that contain mutually orthonormal solu-
tions (states) Xˆλ,i of the eigenvalue equation [6,10]
Û (φ)e X̂λ,iÛ
(φ)†
e = λX̂λ,i, ∀ e ∈M. (10)
3. For known attractor spaces Aλ we get from an ini-
tial state ρˆinSE the resulting S-E-state ρ̂
out
SE = ρ̂SE (N  1)
spanned by X̂λ,i
ρ̂outSE = PN
(
ρ̂inSE
)
=
dλ∑
|λ|=1, i=1
λNTr
{
ρ̂inSEX̂
†
λ,i
}
X̂λ,i,
(11)
where dλ denotes the dimensionality of the attractor
space Aλ w.r.t. the eigenvalue λ.
3.1 Minimal attractor space
What happens with Quantum Darwinism in the frame-
work of the random unitary evolution model if we let the
E-qubits interact with each other? From [6] we know
that an ID with all mutually interacting E-qubits leads
to the minimal attractor space structure (31) of Ap-
pendix C associated with an eigenvalue λ = 1 of (11).
However, for this minimal λ = 1 attractor subspace of
(11) to emerge one does not need to insist that all n
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E-qubits should interact with each other. It suffices to
have a strongly connected ID that contains a closed ar-
row path between n E-qubits [6,7,10]. However, 2n−3 is
the critical (and maximal) number of û(φ)j -bindings that
one may insert between E-qubits into the ID of Fig. 3
and still avoid the minimal dλ=1 from (29) of Appendix
C. Thus, for ≥ 2 (n− 1) û(φ)j -bindings between E-qubits
the corresponding ID remains strongly connected, lead-
ing always to the minimal λ = 1 attractor space (31) of
Appendix C, whereas the λ = −1 attractor space of (11)
vanishes already after inserting a single interaction arrow
into environment E (s. Appendix C). Here we first turn
to the physical interpretation of (31) from Appendix C.
3.1.1 State structure of the attractor space
The main differences between the maximal and the
minimal λ = 1 attractor subspace (s. (27) and (31) in
Appendix C) that mainly determine the process of de-
coherence and transfer of H (Sclass) to E are two-fold:
1) within the minimal λ = 1 attractor subspace (31)
only the ground E-registry state |0n〉 appears, whereas
in (27) of the maximal λ = 1 attractor subspace all 2n E-
registry states contribute; 2) On the other hand, in (27)
the E-registry states |y〉 are correlated within the diag-
onal S-subspace |0k〉 〈0k| only with each other, whereas
(31) also allows the remaining E-registry state |0n〉 to
be correlated with the û(φ)j -symmetry state
∣∣snc1〉. This
means that effectively the contribution of the S-subspace
|0k〉 〈0k| in (31) to I (S : EL), contrary to (27), becomes
exponentially suppressed due to
∣∣snc1〉. The implications
of this exponential, decoherence induced suppression of
S-subspace |0k〉 〈0k| in (31) regarding Quantum Darwin-
ism will be discussed in the forthcoming subsection.
3.1.2 Results of the CNOT-evolution
Decomposing ρˆinSE for n  k S-qubits by means of
(11) and (only) linear independent X̂λ,i from (31) of
Appendix C, after first orthonormalizing all X̂λ,i in ac-
cord with the Gram-Schmidt algorithm, we obtain the
CNOT-asymptotically evolved ρˆoutSE displayed in (38)-
(42) of Appendix D.2. We consider in the following differ-
ent inputs ρˆinSE of the random unitary evolution and their
PIPs obtained from the corresponding outputs ρˆoutSE .
I) ρˆinSE = |Ψ inS, k〉〈Ψ inS, k| ⊗ ρˆinE , ρˆinE = |y〉 〈y|, y ∈ {0n, 1n}
As usual, ρˆinS = |Ψ inS, k〉〈Ψ inS, k| is a pure k-qubit sys-
tem. Numerous interesting conclusions can be obtained
by looking at the behavior of MI with respect to the
number n of E-qubits. For instance, within the maximal
attractor space we need at least n ≥ 5 E-qubits in order
to see stable convergence of I (S : EL=n) /H (Sclass), as
indicated by the blue, •-dotted curve in Fig. 4 associated
with
ρˆinSE =
∣∣Ψ inS, k=1〉 〈Ψ inS, k=1∣∣⊗ ρˆinE ,
where
∣∣∣Ψ inS, k=1〉 = 1∑
m=0
am |m〉 (|am|2 = 2−1∀m) is a pure
k = 1-qubit system S, n > k = 1 and ρˆinE = |0n〉 〈0n|.
However, for the minimal λ = 1 attractor subspace
the same input state ρˆinSE leads for k = 1 to the output
state in (38) of Appendix D.2 with non-zero eigenvalues
λSE1 = |a1|2 · 2−L
(
2L − 1 times)
λSE2/3 =
(
2−1 |a0|2 + |a1|2 · 2−L+1
)
±√
2−2 |a0|4 + |a1|4 · 2−2(L+1) − L
λE1 = |a0|2 + |a1|2 · 2−L
λE2 = |a1|2 · 2−L
(
2L − 1 times)
λS1/2 =
1
2
±
√
1
4
− |a0|2 |a1|2 (1− 2−2n)
(12)
(valid ∀ 1 ≤ L ≤ n), where
L := 2
−2n+L
(
22(n−L)−1 − 1
)
|a0|2 |a1|2 .
The PIP of (12) is given by the yellow, -dotted curve
in Fig. 6. Apparently, the absence of the λ = −1 attrac-
tor subspace is crucial for the appearence of Quantum
Darwinism in case of ρˆinE = |0n〉 〈0n|.
On the other hand, the ◦-dotted and the -dotted
curve in Fig. 6 also demonstrate what happens within
the minimal λ = 1 attractor subspace for the output
state in (38) of Appendix D.2 with k ≥ 2 S-qubits: since
in the limit n  k > 1 (38) of Appendix D.2 leads
to the same form (15) as (33) of Appendix D.1, we see
that with increasing number k of S-qubits (i.e. in the
limit n ∼ k  1) I (S : EL=n) /H (Sclass) from (38) of
Appendix D.2 will also behave (with |ai|2 = 2−k ∀i ∈{
0, ..., 2k − 1}) as
I (S : EL=n∼k1) /H (Sclass) ∼ 2−k.
Accordingly, one also has (again with equal S-probability
distribution |ai|2 = 2−k ∀i ∈
{
0, ..., 2k − 1})
I (S : EL=nk1) /H (Sclass) = 0.
In Fig. 4 we also see what happens with MI if ρˆinE ,
such as ρˆinE = |1n〉 〈1n|, contains only E-registry states
that do not participate within a given, in this case min-
imal λ = 1 attractor subspace: I (S : EL=n) /H (Sclass)
(red, -dotted curve) tends to zero in the limit n  k.
This can be easily explain by taking into account the
fact that ρˆoutSEL=n from (39) in Appendix D.2 acquires for
a k = 1 qubit S the form
lim
nk
ρˆoutSEL=n = 2
−n ·
1∑
m=0
|am|2 |m〉 〈m| ⊗ În, (13)
in the limit n k, yielding
H (S : EL=nk) = H (EL=nk) +H (Sclass) .
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Thus, ρˆinE that are not contained in (“recognized” by) a
minimal λ = 1 attractor subspace do not contribute to
I (S : EL) /H (Sclass) in the limit n k.
Fig. 4: I (S : EL=n) /H (Sclass) vs n after random it-
erative û(φ=pi/2)j -evolution of ρˆ
in
SE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣ ⊗ ρˆinE
(N  1), with a k = 1 qubit ∣∣Ψ inS 〉 = 1∑
m=0
am |m〉
(|am|2 = 2−1∀m) and different ρˆinE (with ≥ 2 (n− 1)
E-bindings). I (S : EL=n) /H (Sclass) vs n for ρˆinE =
|0n〉 〈0n| (blue, •-dotted curve, 0 E-bindings) is also dis-
played.
II) ρˆinSE = |Ψ inS, k=1〉〈Ψ inS, k=1|⊗ 12 (|0n〉 〈0n|+ |1n〉 〈1n|)
From Fig. 4 (yellow, -dotted curve) we also conclude
that this type of ρˆinSE never leads within the minimal
λ = 1 attractor subspace to
I (S : EL=n) /H (Sclass) = 1
in the limit n  k, since in this case the corresponding
ρˆoutSE from (40) in Appendix D.2 acquires the form
lim
nk
ρˆoutSEL=n = |a0|
2 |0〉 〈0| ⊗
{
În2
−n−1
+ 12 |0n〉 〈0n|
}
+ |a1|2 |1〉 〈1| ⊗ 2−n · În
, (14)
which always yields
lim
nk
H (S, EL=n) > lim
nk
H (EL=n)
(as can be easily confirmed from the corresponding eigen-
spectra of lim
nk
ρˆoutSEL=n and limnk
ρˆoutSE , s. also (16) below).
This means that correlation terms in (40) from Appendix
D.2, that we deliberately ignored in (14), force the MI
I (S : EL=n) /H (Sclass) to converge to
I (S : EL=n) /H (Sclass) = 0.3
in the limit n k. The same occurs if we choose∣∣Ψ inE 〉 = 2−1/2 · (|0n〉+ |1n〉)
as an environmental input state (green, N-dotted curve
in Fig. 4), since its ρˆoutSE would acquire in the limit n 
k the same form (14). Thus, no Quantum Darwinism
appears for these types of ρˆinE .
III) ρˆinSE = |Ψ inS, k=1〉〈Ψ inS, k=1| ⊗ 2−nIˆn
As in (17) below, ρˆoutSE from (41) of Appendix D.2
leads in the limit n k to
H (S, EL=nk) = H (Sclass) +H (EL=nk)
, i.e. completely mixed ρˆinE leads also within the minimal
λ = 1 attractor subspace to the MI-value
I (S : EL=nk) /H (Sclass) = 0
(s. Fig. 4, blue, H-dotted curve).
IV)
∣∣Ψ inSE〉 = a |0k=1〉 ⊗ ∣∣sL=n1 〉+ b |1k=1〉 ⊗ ∣∣sL=n2 〉
The output state ρˆoutSE from (42) of Appendix D.2,
emerging from the random unitary evolution of this en-
tangled, pure input state ρˆinSE , and its eigenspectrum in-
dicate that the relation
H (S, EL)−H (EL) = 1
2
+ (1− xL) log2 (1− xL) > 0,
where
xL := 2
n−L−1 · (2n − 1)−1 ,
holds for all 0 < L < n. In other words, the correspond-
ing PIP has the same behavior as displayed by the blue,
H-dotted curve in Fig. 5. Therefore, without the λ = −1
attractor subspace the minimal λ = 1 attractor subspace
does not suffice to ensure that Quantum Darwinism ap-
pears, as is the case with the maximal attractor space
discussed in subsection 3.3 below.
3.2 Short time limit of the random unitary evolution
Before looking at the analytic structure of the cor-
responding maximal attractor space we discuss whether
one may interpret Zurek’s qubit model of Quantum Dar-
winism as the short time limit (corresponding to the
small number N of iterations) of the random unitary
evolution involving pure decoherence.
Within the random unitary operation-formalism we
obtain another type of PIP-behavior: inserting ρˆinSE from
Fig. 1 into (9) we obtain for pure decoherence, with
|a|2 = |b|2 = 1/2
pe = 1/ |M | ∀e,
after N  1 iterations the PIP in Fig. 5, which suggests
that Zurek’s Quantum Darwinistic-’plateau’ [8] appears
only in the limit N →∞ (we will obtain this asymptotic
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limit N → ∞ of the random unitary evolution analyt-
ically in subsection 3.3). Thus, Zurek’s qubit model of
Quantum Darwinism does not appear as the short-time
limit (small N -values, e.g. N ≤ 10) of our random uni-
tary evolution model with pure decoherence.
Fig. 5: PIP of simulated, random unitarily CNOT-
evolved MI vs 0 < f ≤ 1 for ρˆinSE = ρˆinS ⊗ ρˆinE in (4)
and ρˆoutSE from (7)-(9). For N =∞ s. subsection 3.3.2.
3.3 Maximal attractor space
When dealing with Koenig-IDs [12] we always obtain
attractor (sub-)spaces with maximal dimension dλ (de-
termined by (25)-(26) in Appendix C), since in such IDs
E-qubits are not allowed to interact with each other.
Therefore, we turn our attention in the following sub-
sections to the description of analytical attractor space
structures associated with Koenig-IDs and determined
in Appendix C.
3.3.1 State structure of the attractor space
From Appendix C we know that for the random uni-
tary evolution the attractor space consists of two sub-
spaces (27) and (28) (Appendix C.1.2) associated with
eigenvalues λ = 1 and λ = −1 of (10), respectively.
The main (largest) part of the attractor states X̂λ=1,i
can be attributed to the |0k〉〈0k|-subspace of system S,
since the λ = 1-attractor subspace describes the impact
of pure decoherence on system S during the iterative
evolution (9) of ρˆinSE . However, in order to realize the
physical significance of the λ = −1-attractor subspace
we will discuss in the following subsection the random
unitary evolution of some of the ρˆinSE from Tab. 1 that
have already been studied in the course of Zurek’s evo-
lution in section 2.
3.3.2 Results of the CNOT-evolution
Now we look at the random unitary CNOT-evolution
from the analytical point of view by utilizing the attrac-
tor space structure from subsection 3.3.1 and concentrat-
ing on the following input states ρˆinSE (with n k ≥ 1)
:
I) ρˆinSE = |Ψ inS, k〉〈Ψ inS, k| ⊗ ρˆinE , ρˆinE = |y〉 〈y|, y ∈ {0n, 1n}
Decomposing ρˆinSE for n k ∈ {1, 2, 3} S-qubits by
means of (11) and X̂λ,i from (27)-(28) of Appendix C.1.2
that are already Gram-Schmidt orthonormalized, we ob-
tain the CNOT-asymptotically evolved ρˆoutSE displayed in
(33) of Appendix D.1. The corresponding PIP obtained
from ρˆoutSE in (33) of Appendix D.1 for k ∈ {1, 2, 3} S-
qubits is displayed in Fig. 6 below.
Fig. 6 demonstrates that within the random unitary
operations model Quantum Darwinism appears only for
k = 1 pure ρˆinS even if we set as an environmental input
state ρˆinE = |y〉 〈y| for all y ∈ {0, ..., 2n − 1} and with
mutually non-interacting E-qubits, whereas for n ∼ k 
1 the maximal I (S : EL=n)-value that can be achieved
after enclosing the entire environment E behaves as
lim
n∼k1
I (S : EL=n) /H (Sclass) ∼ 2−k.
This follows from (33) of Appendix D.1 which, with
(without loss of generality) |ai|2 = 2−k ∀i ∈
{
0, ..., 2k − 1}
and for k > 1, acquires in the limit n 1 the form
lim
n1
ρˆoutSEL=n = |a0|
2 |0k〉 〈0k| ⊗ |0n〉 〈0n|
+
2k−1∑
m=1
|am|2 |m〉 〈m| ⊗ 2−nIˆn.
(15)
(15) leads toH (S) ≈ H (Sclass) = k (with a decoherence
factor 0 ≤ r = 〈sn1 | ρˆinE |sn1 〉 = 2−n ≤ 1), and non-zero
eigenvalues
λSE1 = |a0|2 = 2−k (1 times)
λSE2 = |am|2 2−n = 2−(k+n)
(
2n
[
2k − 1] times) ,
yielding (for fixed n and increasing k)
lim
n∼k1
H (S, EL=n) = 2k + k · 2−k.
Accordingly, the eigenvalues of lim
n1
ρˆoutEL=n from (15),
λE1 = |a0|2 + 2−n
(
1− |a0|2
)
(1times)
λE2 = 2
−n
(
1− |a0|2
)
([2n − 1] times) ,
lead (as in Fig. 6) to
lim
n∼k1
H (EL=n) = k + k · 21−k
lim
n∼k1
I (S : EL=n) /H (Sclass) = 2
−k.
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Fig. 6: PIP after random iterative û(φ=pi/2)j -evolution of
ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣ ⊗ |0n=9〉 〈0n=9| (N  1), with a k
qubit
∣∣Ψ inS 〉 = 2k−1∑
m=0
am |m〉 (|am|2 = 2−k∀m), without
(k = 1, -dotted curve; k = 2, N-dotted curve; k =
3, H-dotted curve) and with ≥ 1 interaction bindings
(k = 1, -dotted curve; k = 2, ◦-dotted curve; k = 3,
-dotted curve) between E-qubits. The corresponding
PIP of Zurek’s model (•-dotted curve) is also displayed.
Even worse: if we choose k and n sufficiently high,
such as n  k  1, (15) yields (again with an S-
probability distribution |ai|2 = 2−k ∀i ∈
{
0, ..., 2k − 1})
lim
nk1
H (S, EL=n) = k + n+ k · 2−k
lim
nk1
H (EL=n) = n+ k · 2−k
lim
nk1
I (S : EL=n) /H (Sclass) = 0.
This is in conflict with the expectation of Zurek’s CNOT-
evolution model, which predicts the appearence of the
MI-’plateau’ ∀k ≥ 1. Apparently, the random unitary
evolution model suggests that in order to storeH (Sclass)
into environment E efficiently one needs environments
consisting of qudit-cells (2k-level systems). This conjec-
ture is also supported by (24) in Appendix B, which
indicates that for Quantum Darwinism to appear w.r.t.
k > 1 one needs 2k symmetry states. Unfortunately, the
qubit-qubit û(φ)j -transformation in (7)-(8) (and thus also
the CNOT) offers only two symmetry states {|sc1〉 , |sc2〉}.
Therefore, one would require a qubit-qudit version of (7)-
(8) in order to see Quantum Darwinism.
On the other hand, for k = 1 ρˆoutSEL and ρˆ
out
EL
from (33)
in Appendix D.1 have ∀ (1 ≤ L ≤ n) identical non-zero
eigenvalues
λ
(S)E
1 = |a1|2 2−L (
[
2L − 1] times)
λ
(S)E
2 = 2
−1 |a0|2 + 2−(L+1) |a1|2 +√(
2−1 |a0|2 + |a1|2 2−(L+1)
)2
− gN
= |a0|2 + 2−L |a1|2 (1 times),
with
gN := |a0|2 |a1|2 2−2n+L
1− (−1)2N︸ ︷︷ ︸
:=0
 ,
due to the λ = −1 attractor subspace and its contri-
butions in λ(S)E2 proportional to (−1)2N and charac-
terized by the iteration number N from (11). Again,
H (S) ≈ H (Sclass) for n k due to eigenvalues
λS1/2 = 1/2±
√
1/4−
(
1− 2−2n
[
1 + (−1)N
]2)
|a0|2 |a1|2
of ρˆoutS from (33) in Appendix D.1.
II) ρˆinSE = |Ψ inS, k=1〉〈Ψ inS, k=1| ⊗ 12 (|0n〉 〈0n|+ |1n〉 〈1n|)
The PIP obtained from a random unitarily û(φ=pi/2)j -
evolved ρˆoutSE in (34) of Appendix D.1 for k = 1 S-qubit
is displayed in Fig. 7 below (red, -dotted curve). We
see that if ρˆinE contains correlations between E-registry
states one is even not able to extractH (Sclass) after tak-
ing the entire E into account when computing I (S : EL),
since according to Fig. 7
I (S : EL=n) /H (Sclass) < 1.
This can be easily explained by looking at the n k
limit of (34) in Appendix D.1
lim
nk
ρˆoutSEL=n = |a0|2 |0k〉 〈0k| ⊗ ρˆinE
+ |a1|2 |1〉 〈1| ⊗ 2−nIˆn ⇒ H (S) = H (Sclass)
lim
nk
ρˆoutEL=n = |a0|2 ρˆinE + |a1|2 2−nIˆn.
(16)
The (non-zero) eigenvalues
λSE1 = |a0|2 2−1 (2 times)
λSE2 = |a1|2 2−n (2n times)
(for lim
nk
ρˆoutSEL=n), as well as eigenvalues
λE1 = |a0|2 2−1 + |a1|2 2−n (2 times)
λE2 = |a1|2 2−n ([2n − 2] times)
(for lim
nk
ρˆoutEL=n), yield (for 0 < |a0|
2
< 1)
lim
nk
H (S, EL=n) = H (Sclass) + |a0|2
+ |a1|2 n > lim
nk
H (EL=n) ,
10 Nenad Balaneskovic´
since lim
nk
H (EL=n) contains two addends,
A1 : = − |a1|2 log2
|a1|2
2n
+ 21−n |a1|2 log2
|a1|2
2n
A2 : = −
(
|a0|2 + 21−n |a1|2
)
· log2
(
2−1 |a0|2 + 2−n |a1|2
)
,
with
A1 < − |a1|2 log2
|a1|2
2n
A2 < − |a0|2 log2
|a0|2
2
.
In other words, if correlations between E-registry
states persist throughout the process of tracing out E-
qubits from ρˆoutSEL=n , (5) will be violated and the MI-
’plateau’ disappears, confirming the corresponding re-
sults obtained by means of Zurek’s model of Quantum
Darwinism (s. also discussion from subsection 3.4 be-
low). Effectively the same PIP emerges if one starts the
above random unitary evolution with∣∣Ψ inE 〉 = 2−1/2 (|0n〉+ |1n〉) ,
since contributions within the corresponding ρˆoutSE as-
sociated with non-classical correlation terms |0n〉 〈1n|
and |1n〉 〈0n| also vanish in the limit n  k for all
(k ≤ L < n).
Fig. 7: PIP after random iterative û(φ=pi/2)j -evolution of
ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣ ⊗ ρˆinE (N  1), with a pure k = 1
qubit
∣∣Ψ inS 〉 = 1∑
m=0
am |m〉 (|am|2 = 2−1∀m), n = 8 and
different ρˆinE (0 E-bindings), s. main text.
III) ρˆinSE = |Ψ inS, k=1〉〈Ψ inS, k=1| ⊗ 2−nIˆn
An extreme case for ρˆinE containing classical correla-
tions between E-registry states is the totally mixed en-
vironmental n-qubit input state which leads according
to Fig. 7 (blue, •-dotted curve) to
lim
nk
I (S : EL=n) /H (Sclass) ≈ 0.
This follows from the n k limit
lim
nk
ρˆoutSEL=n =
(
|a0|2 |0k〉 〈0k|+ |a1|2 |1〉 〈1|
)
⊗ 2−nIˆn
⇒ H (S, EL=nk) = H (Sclass) +H (EL=nk)
(17)
of (35) in Appendix D.1. In other words, completely
mixed ρˆinE are not suitable for efficiently storingH (Sclass)
into E with f ≤ k/n.
IV) ρˆinSE = |Ψ inS, k=1〉〈Ψ inS, k=1|⊗ (|0n〉〈0n|+|10n−1〉〈10n−1|)2
This type of ρˆinE leads within the random unitary
model to ρˆoutSE in (36) of Appendix D.1, demonstrating
that within the random unitary model it is, as was the
case with Zurek’s model, in principle important in which
order one traces out single E-qubits: if we trace out the
first left E-qubit in |10n−1〉 〈10n−1| for a fixed L-value
L = L∗ with k ≤ L∗ < n, ρˆoutSEL∗ in (36) of Appendix
D.1 would reduce to ρˆoutSEL∗ from (33) of Appendix D.1,
validating (5) at least ∀ (k ≤ L ≤ L∗).
However, in general this is not what we demand from
ρˆoutSE whose E should allow complete reconstruction of the
"classical" entropy H (Sclass) regardless of the order in
which one decides to intercept environmental fragments
(qubits). This implies that among all possible combina-
tions (sums) of E-registry states only the pure (one) E-
registry state ρˆinE = |y〉 〈y| in the standard computational
basis (for all y ∈ {0, ... 2n − 1}) leads to Quantum Dar-
winism, both in Zurek’s and the random unitary model.
V)
∣∣Ψ inSE〉 = a |0k=1〉 ⊗ ∣∣sL=n1 〉+ b |1k=1〉 ⊗ ∣∣sL=n2 〉
This artificial ρˆinSE entangles each S-pointer state with
one of the û(φ)j -symmetry states
{∣∣sLc1〉 , ∣∣sLc2〉}, validat-
ing (5), according to Appendix B, only for c1 = c2 = 1/2,
which is why we obtain for the corresponding ρˆoutSE in (37)
of Appendix D.1 exactly the same PIP as the one dis-
played in Fig. 1: ρˆinSE simply does not change ∀N  1
due to invariance of E towards û(φ=pi/2)j and the fact that
the λ = −1 attractor subspace in (28) of Appendix C.1.2
contributes to the random unitary evolution of ρˆinSE for a
k = 1 qubit system S only a phase (−1)N -factor within
the |0〉 〈1|- and |1〉 〈0|-subspace of system S.
For k > 1 one could obtain Quantum Darwinism ac-
cording to (27)-(28) (Appendix C.1.2) only if one entan-
gles two S-pointer states {|0k>1〉 , |1k>1〉} with available
CNOT-symmetry states
{∣∣sL1 〉 , ∣∣sL2 〉}. However, this would
enable us to store only
0 < H (S) = H (Sclass) ≤ 1,
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corresponding to a k = 1 qubit system S. In order to
store H (Sclass) of a k > 1 qubit S one needs 2k symme-
try states of Û (φ)ij (s. (7) above) with which one could en-
tangle the 2k S-pointer states {|pii〉} ≡ {|i〉}i=2
k−1
i=0 , oth-
erwise if the number of S-pointer states exceeds the num-
ber of available Û (φ)ij -symmetry states, Quantum Dar-
winism disappears (s. (22)-(24) in Appendix B).
3.4 MI-Comparison: maximal vs minimal attractor
space
Here we inquire which conclusions about the MI-
behavior regarding an increasing number of environmen-
tal qubit-qubit û(φ=pi/2)j -interactions can be drawn sim-
ply by comparing the PIPs associated with both extrema
- the minimal and maximal attractor subspaces associ-
ated with an eigenvalue λ = 1 of (11).
Indeed, many important conclusions about the be-
havior of the MI with increasing number of E-qubit in-
teractions in Fig. 3 can be drawn from a simple compari-
son between predictions obtained by the random unitary
evolution of ρˆinSE in Fig. 1 from the point of view of the
minimal and the maximal λ = 1 attractor subspaces (27)
and (31) (Appendices C.1.2 and C.2.2), respectively. For
instance, looking at the PIP associated with the maxi-
mal λ = 1 attractor subspace (27) alone (for a k ≥ 1
qubit system S, s. Appendix C.1.2), which we obtain
by ignoring all addends in ρˆoutSE of (33) from Appendix
D.1 proportional to (−1)N , we see that the MI behaves
as in the PIP emerging from ρˆoutSE in (38) of Appendix
D.2 evolved with respect to the minimal λ = 1 attractor
subspace. In other words, the PIP for ρˆoutSE (and a k ≥ 1
qubit system S) in (33) of Appendix D.1 without contri-
butions associated with the λ = −1 attractor subspace
and the PIP obtained from ρˆoutSE in (38) (Appendix D.2)
of the minimal λ = 1 attractor subspace are exactly the
same and are given by the -, ◦- and -dotted curves in
Fig. 6 (this can also be confirmed numerically by iterat-
ing (9) N  1 times).
This means: ρˆoutSE from the λ = 1-part of (33) in Ap-
pendix D.1 and ρˆoutSE in (38) of Appendix D.2, as can be
readily confirmed, share the same non-zero eigenvalues
(12). The presence of the λ = −1 attractor subspace (28)
from Appendix C.1.2 in (33) of Appendix D.1 is essential
for the appearence of Quantum Darwinism (for a k = 1
qubit system S) within the random unitary model. Since
the λ = −1 attractor subspace disappears from the at-
tractor space structure of a Koenig-like ID already after
introducing a single interaction arrow between two E-
qubits (s. Appendix C), the PIP of a random unitarily
evolved ρˆinSE from Fig. 1 for environments E contain-
ing one or more û(φ=pi/2)j -bindings should be the same
as the PIP of obtained from (38) of Appendix D.2 for
the minimal λ = 1 attractor space, i.e. already a single
interaction between E-qubits in ID of Fig. 3 destroys
Quantum Darwinism in the random unitary model.
For ρˆinE 6= |y〉 〈y| ∀y ∈ {0, ..., 2n − 1} the contribu-
tion of the λ = −1 attractor subspace (28) within the
maximal attractor space (27)-(28) from Appendix C.1.2
to the random unitary evolution of ρˆinSE = ρˆ
in
S ⊗ ρˆinE and
its MI-values is negligibly small in the limit L = n k,
whereas the attractor subspace (27) of Appendix C.1.2
and its minimal version (31) from Appendix C.2.2 dom-
inate the asymptotic dynamics of ρˆinSE .
Nevertheless, contributions from the λ = −1 attrac-
tor subspace do affect outer-diagonal S-subspaces. For
instance, (34) in Appendix D.1 contains the most im-
portant part of the λ = −1 attractor subspace, namely{|0L〉 〈sL2 ∣∣ , |1L〉 〈sL2 ∣∣}
(and their hermitean counterparts), within S-subspaces
|0〉 〈1| and |1〉 〈0|. When looking at (34) in Appendix
D.1 we see that these outer-diagonal S-subspaces are
associated with matrix entries
[|0L〉+ |1L〉]
〈
Ψ combiE
∣∣
(and their hermitean counterpart, respectively), where∣∣Ψ combiE 〉 = ∣∣sL1 〉+ (−1)2n−L+N ∣∣sL2 〉
distributes within the |0L〉-th and |1L〉-th row (column)
of (34) in Appendix D.1 2L−1 complex-valued, identi-
cal entries c = 21−na0a∗1 (alias its conjugate counter-
parts). If we ask ourselves what is the ideal value cideal
of these 2L−1 identical entries in (34) of Appendix D.1,
distributed within the |0L〉-th and |1L〉-th row (column)
in accord with
∣∣Ψ combiE 〉, for which the entropy-difference
with respect to ρˆoutSE and ρˆ
out
E , H (S, EL=n)−H (EL=n)
(with n k), is minimal, we easily obtain
cideal = 2
−na0a∗1 6= 21−na0a∗1,
leading us for ρˆoutSE in (34) of Appendix D.1 to eigenvalues
λSE1 = 2
−1 |a0|2
λSE2 = 2
1−L |a1|2
(
2L−1 − 1 times)
}
(for ρˆoutSE)
λE1 = 2
−1 |a0|2 + 21−L |a1|2 (2 times)
λE2 = 2
1−L |a1|2
(
2L−1 − 2 times)
}
(for ρˆoutE ),
(18)
that, in turn, yield H (S, EL=n) > H (EL=n). In other
words, even in case of outer-diagonal c-entries in (34)
from Appendix D.1 fixed as c = cideal H (S, EL=n) would
still always exceed H (EL=n).
The reason for this is connected with the following
fact: for (33) of Appendix D.1, emerging from the ran-
dom unitary CNOT-evolution of ρˆinE = |0n〉 〈0n|, the di-
agonal value |a0|2 from the diagonal S-subspace |0〉 〈0|
in (33) of Appendix D.1 merges with one of the di-
agonal values 2−L |a1|2 from the diagonal S-subspace
|1〉 〈1| after extracting ρˆoutE from ρˆoutSE and thus decreases
H (EL) with respect to H (S, EL). Fortunately, for this
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case
∣∣Ψ combiE 〉 is the only combination that ca be made
from two available CNOT-symmetry states
{∣∣sL1 〉 , ∣∣sL2 〉}
capable of reducing H (S, EL) such that H (S, EL) =
H (EL) ∀ (1 ≤ L ≤ n). Unfortunately, in order to cor-
rect a higher number of overlapping diagonal values be-
tween S-subspaces |0〉 〈0| and |1〉 〈1| within ρˆoutE (in (34)
of Appendix D.1 there are two merging diagonal val-
ues between S-subspaces |0〉 〈0| and |1〉 〈1|) one would
also need more than two symmetry states which is im-
possible for the CNOT transformation and, in general,
for the φ-parameter family û(φ)j of transformations in
(7)-(8) (however, a higher number of symmetry states
is possible for a generalized, qudit-qudit version of the
CNOT-transformation).
Therefore, ρˆinSE = ρˆ
in
S ⊗ ρˆinE (with ρˆinS being a pure
k = 1 qubit system S), when being subject to CNOT-
random unitary evolution leads in the asymptotic limit
N  1 of many iterations to Quantum Darwinism only
if ρˆinE = |y〉 〈y| ∀y ∈ {0, ..., 2n − 1}, otherwise, for E-
input states ρˆinE 6= |y〉 〈y| ∀y ∈ {0, ..., 2n − 1} the λ =
−1 attractor subspace (28) of Appendix C.1.2 does not
suffice to compensate all losses of H (EL) induced in ρˆoutE
by overlapping diagonal entries within different diagonal
S-subspaces.
Furthermore, by comparing the -dotted curve in
Fig. 7 with the -dotted curve in Fig. 4 we may conclude
that the highest amount of asymptotic MI-values one
could achieve ∀ (k ≤ L ≤ n) is bounded from above by
I (S : EL) obtained from the maximal attractor space
(27)-(28) of Appendix C.1.2.
4 Summary and outlook
In this paper we studied the appearence of Quan-
tum Darwinism in the framework of the random uni-
tary qubit model and compared the corresponding re-
sults (Partial Information Plots of mutual information
between an open k ≥ 1 qubit system S and its n  k
qubit environment E) with respective predictions ob-
tainable from Zurek’s qubit toy model.
We found that the only S-E-input states ρˆinSE which
lead to Quantum Darwinism within the random unitary
operations model with maximal efficiency f = f∗ = k/n,
regardless of the order in which one traces out single E-
qubits, are the entangled input state from equation (6)
and the product state ρˆinSE = ρˆ
in
S ⊗ρˆinE , with a pure k = 1
qubit ρˆinS and a pure one-registry state ρˆ
in
E = |y〉 〈y| ∀y ∈
{0, ..., 2n − 1} of n mutually non-interacting qubits in
the standard computational basis (Koenig-IDs).
According to the random unitary operations model
one is motivated to conjecture that ρˆinSE = ρˆ
in
S ⊗ ρˆinE
with a pure k > 1 qubit ρˆinS allows efficient storage of
system’s Shannon-entropy H (Sclass) into environment
E only if ρˆinE is given by a pure one registry state ρˆ
in
E =
|y′〉 〈y′| of mutually non-interacting n qudits (n 2k-level
systems) in the standard computational basis, with y′ ∈{
0, ..., 2k·n − 1}.
This does not correspond to expectations arising from
Zurek’s qubit model of Quantum Darwinism, which pre-
dicts the appearence of the mutual information-’plateau’
even for a k > 1 qubit pure ρˆinS and an n qubit ρˆ
in
E
within the aforementioned ρˆinSE = ρˆ
in
S ⊗ ρˆinE , indicating
that Quantum Darwinism depends on the specific model
on which one bases his interpretations. Furthermore, the
random unitary model and Zurek’s model of Quantum
Darwinism must not be confused with each other, since
the latter does not correspond to the short time limit
(small iteration values N) of the former.
On the other hand, both in Zurek’s and the random
unitary model we are able to confirm that correlations
between qubit E-registry states in ρˆinE , even if interac-
tions between E-qubits are absent, tend to suppress the
appearence of the mutual information-’plateau’. Also,
the random unitary model indicates that already a sin-
gle interaction between E-qubits suppresses Quantum
Darwinism.
If the Quantum Darwinistic description of the emer-
gence of classical S-states were correct, then Zurek’s
and the random unitary model suggest that an open
(observed) system S of interest and its environment E
must have started their evolution as a product state
ρˆinSE = ρˆ
in
S ⊗ ρˆinE with ρˆinS denoting a pure k ≥ 1 qubit
state and ρˆinE (denoting for instance the state of the rest
of the universe) given by a pure one-registry state of
mutually non-interacting n qudits.
The above “qudit-cell” conjecture regarding environ-
ment E of the random unitary model could be tested by
explicitly determining the maximal attractor space be-
tween a k > 1 qubit system S and its environment E of
mutually non-interacting n qudits under the impact of
the generalized qubit-qudit version of the CNOT trans-
formation and focussing on the behavior of the mutual
information within the corresponding Partial Informa-
tion Plot for such maximal attractor space (Koenig-IDs).
Furthermore, one could also ask what happens with the
efficiency of storing H (Sclass) into environment E if one
introduces into the above random unitary evolution with
pure decoherence dissipative effects that would in gen-
eral treat the system S in the interaction digraph of Fig.
3 not only as a control but also as a target, allowing E-
qubits to react on “impulses” sent by S-qubits (paper in
preparation).
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A List of exemplary input and output states in Zurek’s model of Quantum Darwinism
In the present appendix we list all exemplary environmental input states in ρˆinSE = ρˆ
in
S ⊗ ρˆinE and their output states
ρˆoutSEL discussed in the course of Zurek’s qubit model of Quantum Darwinism in section 2, Fig. 2.
ρˆinE ρˆ
out
SEL
/ entropies
1)
1
2
(|0n〉 〈0n|+ |0n−11〉 〈0n−11|)
H (S) = H (Sclass) ∀L
• − dotted curve
|a|2 |0〉 〈0| ⊗ ρˆinE
+ 1
2
|b|2 |1〉 〈1| ⊗ (|1n〉 〈1n|+ |1n−10〉 〈1n−10|)
+ 1
2
ab∗ |0〉 〈1| ⊗ (|0n〉 〈1n|+ |0n−11〉 〈1n−10|)
+ 1
2
a∗b |1〉 〈0| ⊗ (|1n〉 〈0n|+ |1n−10〉 〈0n−11|)

HSE = H (Sclass) + δL,n
HE = (1− δL,n)H (Sclass)
+δL,n (1 ≤ L ≤ n)
2)
1
2
(|0n〉 〈0n|+ |10n−1〉 〈10n−1|)
H (S) = H (Sclass) ∀L
− dotted curve
as in 1), with
|0n−11〉 ↔ |10n−1〉
|1n−10〉 ↔ |01n−1〉

HSE = (1− δL,n)H (Sclass) + 1 (1 ≤ L ≤ n)
HE = 1 forL = 1
HE = (1− δL,n)H (Sclass) +HSE (2 ≤ L ≤ n)
3)
1
2
(|0n〉 〈0n|+ |1n〉 〈1n|)
H (S) = H (Sclass) ∀L
− dotted curve
(|a|2 |0〉 〈0|+ |b|2 |1〉 〈1|)⊗ ρˆinE
+ 1
2
(ab∗ |0〉 〈1|+ a∗b |1〉 〈0|)
⊗ (|0n〉 〈1n|+ |1n〉 〈0n|)
{
(1 ≤ L ≤ n) : HE = 1
HSE = (1− δL,n)H (Sclass) + 1
4)
2−nIˆn =
(
2−1Iˆ1
)⊗n
{|x〉 , |y〉} ∈ {0, ..., 2n − 1}
H (S) = H (Sclass) ∀L
− dotted curve
(|a|2 |0〉 〈0|+ |b|2 |1〉 〈1|)⊗ ρˆinE
+2−nab∗ |0〉 〈1| ⊗
2n−1∑
x6=y=0
|x〉 〈y|
+2−na∗b |1〉 〈0| ⊗
2n−1∑
x 6=y=0
|y〉 〈x|
{
(1 ≤ L ≤ n) : HE = L
HSE = (1− δL,n)H (Sclass) + L
5)
1
2
(|0n〉 〈0n|+ |1n−10〉 〈1n−10|)
H (S) = H (Sclass) ∀L
N− dotted curve
as in 1), with
|0n−11〉 ↔ |1n−10〉
{
(1 ≤ L ≤ n) : HE = 1 + δL,nH (Sclass)
HSE = 1 + (1− δL,n)H (Sclass)
6)
∣∣Ψ inE 〉 〈Ψ inE ∣∣∣∣Ψ inE 〉 = 1√2 (|0n〉+ |1n〉)
H− dotted curve
ρˆinS ⊗ ρˆinE
{
H (S) = 0 < ∀L > 0
HE = HSE = 1− δL,n (1 ≤ L ≤ n)
Table 1: ρˆoutSEL from Zurek’s CNOT-evolution of ρˆ
in
SE = ρˆ
in
S ⊗ ρˆinE for different ρˆinE , s. Fig. 2.
B Quantum Darwinism and eigenstates of
(7)-(8)
In this appendix we explain why the generalized k > 1
qubit version of (6) does not lead to Quantum Darwin-
ism.
The φ-parameter family û(φ)j of transformations in
(7)-(8) has eigenstates |sc1〉 = (c1 |0〉+ c2 |1〉) (eigen-
value λ = 1) and |sc2〉 = (c2 |0〉 − c1 |1〉) (eigenvalue
λ = −1), with 〈sc1 |sc2〉 = 0 and c21 + c22 != 1 (c1, c2 > 0)
[6,7,10]. This allows us to parametrize
c1 = cos
(
φ
2
)
, c2 = sin
(
φ
2
)
and thus fix φ within the range (0 ≤ φ ≤ pi). By means of
this φ-parametrization we may generalize (6) according
to
|ΨoutSE (L = n)〉 = a |0〉 ⊗
∣∣sLc1〉+ b |1〉 ⊗ ∣∣sLc2〉
ρˆoutE (L = n) = |a|2
∣∣sLc1〉 〈sLc1 ∣∣+ |b|2 ∣∣sLc2〉 〈sLc2∣∣ , (19)
with
∣∣sLc1〉 = |sc1〉⊗L , ∣∣sLc2〉 = |sc2〉⊗L , 〈sLc1 |sLc2〉 = 0.
For L = n one would always obtain H (S) = H (Sclass)
and H (S, EL=n) = 0 < H (EL=n), since (19) is a pure
state, whereas the spectrum of ρˆoutE (L = n) would, for
simplicity for L = n = 1, contain the non-vanishing
eigenvalues
λ
E(L=n=1)
1/2 =
1
2
±
√
1
4
− 4c21c22 |a|2 |b|2.
Tracing out E-qubits in (19) forces ρˆoutSEL to acquire
the form
ρˆoutSE (L < n) = |a|2 |0〉 〈0| ⊗
∣∣sLc1〉 〈sLc1∣∣
+ |b|2 |1〉 〈1| ⊗ ∣∣sLc2〉 〈sLc2∣∣ , (20)
for which one in general has H (S, EL<n) > 0. Again,
without loss of generality, let us set in (20) L = n = 1:
w.r.t. (20) ρˆoutE (L = n = 1) remains the same as in (19),
whereas ρˆoutSE (L = n = 1) from (20) leads ∀φ to non-zero
eigenvalues
λ
SE(L=n=1)
1 = |a|2 , λSE(L=n=1)2 = |b|2 .
Since (c1, c2) > 0 are parametrized by complementary
transcendent functions of the φ-parameter, the only way
to satisfy the MI-plateau condition between H (S, EL)
andH (EL) is to demandH (S, EL=n=1) = H (EL=n=1),
which can be achieved only if we choose
c21 = c
2
2 = 1/2, (21)
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which leads to E-eigenstates {|s1〉 , |s2〉} of the CNOT-
transformation û(φ=pi/2)j from (6). Otherwise, ∀ (c1 6= c2)
one hasH (S, EL=n=1) > H (EL=n=1). Thus, (21) shows
that w.r.t. the S-pointer basis given by the standard
computational basis {|pii〉} ≡ {|0〉 , |1〉} solely the CNOT-
transformation allows Quantum Darwinism to appear.
However, what happens if we generalize (6) to an
open k > 1 qubit system S? Since there are only two
eigenstates {|s1〉 , |s2〉} of û(φ=pi/2)j in (7)-(8), the easiest
way to generalize (20)-(21) to k > 1 S-qubits is accord-
ing to
ρˆoutSE (L) =
2k−1−1∑
i=0
|ai|2 |i〉 〈i|
⊗ ∣∣sL1 〉 〈sL1 ∣∣+
 2k−1∑
j=2k−1
|aj |2 |j〉 〈j|
⊗ ∣∣sL2 〉 〈sL2 ∣∣ ,
(22)
w.r.t. an arbitrary probability distribution of an open
system S given by 1 > |ai|2 > 0, i ∈
{
0, ..., 2k − 1}.
However, the eigenvalues of (22),
ρˆoutSE (L) :
{
λSEi = |ai|2
}i=2k−1
i=0
⇒
(1− δk,1) ·H (Ef ) ≤ H (S, Ef ) = H
(
Sk≥1class
)
∀L
ρˆoutE (L) : λ
E
1 =
2
k−1−1∑
i=0
|ai|2 , λE2 =
2
k−1∑
j=2k−1
|aj |2
⇒ H (Ef ) = −
2∑
i=1
λEi · log2 λEi ≤ 1 ∀L,
(23)
indicate that QD appears for (22) if and only if k = 1,
yielding
I (S : Ef ) /H
(
Sk≥1class
)
= H (Ef ) /H
(
Sk≥1class
)
= 1.
Accordingly, generalizing (19) with (21) as
|ΨoutSE (L)〉 =
2k−1−1∑
i=0
ai |i〉
∣∣sL1 〉+ 2k−1∑
j=2k−1
aj |j〉
∣∣sL2 〉
2k−1∑
i=0
|ai|2 != 1, ρˆoutSE (L) = |ΨoutSE (L)〉 〈ΨoutSE (L)| ,
(24)
where H (Ef ) = −
2∑
i=1
λEi log2 λ
E
i ≤ 1∀L follows from
(23), H (S) = H (Sclass) and H (S, Ef ) behaves in a
two-fold way: 1) if L = n ≥ 1, (24) is pure and we have
the entropy relation H (S, Ef ) = 0 < H (Ef ), yielding
I (S : Ef ) = 2H (Sclass)
(»quantum peak«); 2) For 1 ≤ L < n (24) contains 2k−1
»diagonal S-subspaces«, half of which are organized ac-
cording to
∣∣sL1 〉 〈sL1 ∣∣, whereas the remaining 2k−1 »di-
agonal S-subspaces« of (24) are ordered according to∣∣sL2 〉 〈sL2 ∣∣. This implies
I (S : Ef ) = H (Sclass) ∀ (1 ≤ L < n) ,
since H (S, Ef ) = H (Ef ) = H
(
Sk=1class
)
, as in (23).
In (24) Quantum Darwinism does not appear for k >
1 and 1 ≤ L ≤ n, since ρˆoutS of (24) has for k ≥ 1 only
two eigenvalues
λS1 =
2k−1−1∑
i=0
|ai|2 , λS2 =
2k−1∑
j=2k−1
|aj |2
(with λS1 +λS2
!
= 1), corresponding to eigenvalues of k = 1
system S. Thus: if we organize ρˆoutSE (L) according to (24),
we could maximally store
1 ≥ H (Sclass) = −λS1 log2 λS1 − λS2 log2 λS2 > 0
of a k = 1 system S, even if one should insist on k > 1
(the PIP for k = 1 in (24) is given by Fig. 1), i.e. in (24)
Quantum Darwinism appears only for k = 1.
C Analytic reconstruction of attractor spaces
In this section we intend to sketch how one can re-
construct the maximal and minimal attractor spaces by
utilizing the QR-decomposition method.
C.1 Maximal attractor space
The maximal attractor space and its basis states X̂λ,i
of the random unitary evolution (7)-(9) w.r.t. a spe-
cific relevant eigenvalue λ follow as a solution to the
eigenvalue equation (10) obtained by means of the QR-
decomposition if we assume environment E to contain
mutually non-interacting qubits. Since each directed edge
of the ID in Fig. 3 corresponds to an additional linear
equation (constraint) in (10), the minimal number of
constraints (and thus the maximal attractor space di-
mension dλn≥k) one could allow within the random uni-
tary evolution model is given by the so called Koenig-IDs
[12], in which only the S-qubits interact with E-qubits.
In the following we will first determine dλn≥k.
C.1.1 Dimensionality
By implementing the QR-decomposition numerically
one notices for n ≥ k that within the maximal attractor
space there are only two subspaces with non-zero dimen-
sion dλ associated with eigenvalues λ = ±1 of (10) [6,
7,10]. From the numerically available data one can eas-
ily deduce for n ≥ k ≥ 1 that the following dimension
formulas hold: for the eigenvalue λ = 1
dλ=1n = 4
n + 3 · 2n (2k − 1)+(
2k − 1) (2k − 2)+ δn=k,1, (25)
for the eigenvalue λ = −1
dλ=−1n = 3 · 2n + 3 · 2k − 6− 5 · δn=k,1. (26)
(25)-(26) can be easily proven by induction. Further-
more, one also sees from numerical data that for k > n
one has dλn<k = d
λ
n↔k ∀λ, i.e. dλn<k follows from dλn′=k≥k′=n
after interchanging k with n in (25)-(26).
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C.1.2 State structure
Implementing the QR-decomposition (s. [11]) for IDs
with mutually non-interacting E-qubits and using the
environmental û(φ)j -symmetry states
{∣∣sLc1〉 , ∣∣sLc2〉} from
(19)-(20) to classify the solutions (attractor states) X̂λ,i
of (10) one obtains ∀ (n ≥ k ≥ 1) the following two at-
tractor subspaces associated with the two relevant eigen-
values λ ∈ {1, −1}:
|0k〉〈x| ⊗ |y〉〈snc1 |, |x〉〈0k| ⊗ |snc1〉〈y||0k〉〈0k| ⊗ |y〉〈z|
|x〉 〈x| n⊗
i=1
Aγi , |x〉〈w| ⊗ |snc1〉〈snc1 |
λ = 1, (27)
with
|χk〉 = |χ〉⊗k , (χ, γi) ∈ {0, 1}
(x, w) ∈ {0, ..., 2k − 1} , (y, z) ∈ {0, ..., 2n − 1}
(x 6= w) 6= 0k, A0 = |sc1〉〈sc1 |, A1 = Iˆ − |sc1〉〈sc1 |
and
|0k〉〈1k| ⊗ |y〉〈snc2 |, |1k〉〈0k| ⊗ |snc2〉〈y|
|1k〉〈1k|
n⊗
i=1
Bγi , |x〉〈x| ⊗ |snc2〉〈snc2 |
|x〉〈1k| ⊗ |snc1〉〈snc2 |, |1k〉〈x| ⊗ |snc2〉〈snc1 |
λ = −1,
(28)
with
x 6= (0k, 1k), B0 =
(√
2
)−1
(|0〉〈1| − |1〉〈0|)
B1 =
(√
2
)−1
[− sinφ|0〉〈0|+ sinφ|1〉〈1|+ cosφ|0〉〈1|+
cosφ|1〉〈0|] .
(27)-(28) are in accord with (25)-(26) and contain or-
thonormalized attractor states X̂λ,i, with〈
X̂λ,i, X̂λ′,i′
〉
:= δλ, λ′δi, i′ ,
given by the Hilbert-Schmidt scalar product〈
X̂λ,i, X̂λ′,i′
〉
:= Tr
[
X̂λ,i
(
X̂λ′,i′
)†]
.
C.2 Minimal attractor space
Now we turn our attention to environments E whose
all n qubits are allowed to mutually interact with each
other, as depicted by the ID in Fig. 3 and already studied
in [6,7,10].
C.2.1 Dimensionality
From [6,7,10] we know that E enclosing mutually via
û
(φ)
j interacting n qubits (with n ≥ k ≥ 1) leads to the
the most constrained (strongly connected) ID with an
attractor subspace associated with the eigenvalue λ = 1
of (10) of minimal dimension
dλ=1,minn = 4
k + 3 · 2k + 1, (29)
whereas the dimensionality of the λ = −1 attractor sub-
space satisfies
dλ=−1,minn =
{
1 ifn = k = 1
0, otherwise. (30)
Since Quantum Darwinism involves environments E with
n 1 qubits, we may conclude that within the minimal
attractor space only the λ = 1 subspace contributes to
the evolution of ρˆinSE .
C.2.2 State structure
From [6,7,10] we know that (29) corresponds to the
following structure of the linear independent (however
not yet orthonormalized) X̂λ=1,i-states
|x〉 〈x| ⊗ Iˆn, |0k〉 〈x| ⊗ |0n〉
〈
snc1
∣∣ , |x〉 〈0k| ⊗ ∣∣snc1〉 〈0n||x〉 〈y| ⊗ ∣∣snc1〉 〈snc1∣∣ , |0k〉 〈0k| ⊗ |0n〉 〈0n| ,
(31)
whereas (30) corresponds for k = n = 1 to the only
non-zero orthonormalized X̂λ=−1,i-state
Xˆn=k=1λ=−1, i=1 =
1√
6
(|01〉 〈11| − |10〉 〈11|
− |11〉 〈01|+ |11〉 〈10| − |01〉 〈10|+ |10〉 〈01|) , (32)
with
(x, y) ∈ {0, ..., 2k − 1}
TrE
[
Iˆn
]
= 2n
Iˆn = Iˆ
⊗n
1
and
{∣∣sLc1〉 , ∣∣sLc2〉} from (19)-(20). However, (32) does
not contribute to the evolution of ρˆinSE from the point of
view of Quantum Darwinism, which necessitates us to
start with ρˆinSE enclosing environments E with n k ≥ 1
qubits.
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D Output states ρˆoutSEL of the random unitary evolution used in section 3
In this appendix we list the output states ρˆoutSEL of the random unitary evolution used in section 3.
D.1 Output states ρˆoutSEL of the random unitary evolution for the maximal attractor space
In this appendix we list the output states ρˆoutSEL of the random unitary evolution used in section 3 of the main text
when discussing Quantum Darwinism from the point of view of the maximal attractor space.
I) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k−1∑
m=0
am |m〉, ρˆinE =
∣∣zL=n〉 〈zL=n∣∣, û(φ=pi/2)j -evolution
ρˆoutSE = |Ψ ′〉 〈Ψ ′|+ 2−n
2k−1∑
m=1
|am|2 |m〉 〈m| ⊗
(
În − |sn1 〉 〈sn1 |
)
+ (−1)N ·
{
2−n/2 (−1)M
[
a0a
∗
2k−1 |0〉
〈
2k − 1∣∣⊗ |zn〉 〈sn2 |+ a2k−1a∗0 ∣∣2k − 1〉 〈0| ⊗ |sn2 〉 〈zn|
]
+2−n
2k−2∑
m=1
|am|2 |m〉 〈m| ⊗ |sn2 〉 〈sn2 |+ (−1)n · 2−n/2 |a2k−1|2
∣∣2k − 1〉 〈2k − 1∣∣ n⊗
i=1
Bˆ
pi/2
1
+2−n
2k−2∑
m=1
ama
∗
2k−1 |m〉
〈
2k − 1∣∣⊗ |sn1 〉 〈sn2 |+ 2−n2k−2∑
m=1
a2k−1a∗m
∣∣2k − 1〉 〈m| ⊗ |sn2 〉 〈sn1 |
}
, (33)
where zL=n ∈ {0, ..., 2n − 1}, {|s1〉 , |s2〉} as in (6), 〈s1| ξ〉 = 2−1/2, 〈s2| ξ〉 = (−1)ξ 2−1/2 for ξ ∈ {0, 1}, |Ψ ′〉 =
a0 |0〉 ⊗ |zn〉+
2k−1∑
m=1
am2
−n/2 |m〉 ⊗ |sn1 〉, Bˆpi/21 =
(√
2
)−1
[|1〉 〈1| − |0〉 〈0|], and M is the number of |1〉-one qubit states
in
∣∣zL=n〉.
II) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k=1−1∑
m=0
am |m〉, ρˆinE = 2−1 (|0n〉 〈0n|+ |1n〉 〈1n|), û(φ=pi/2)j -evolution
ρˆoutSE = |a0|2 |0〉 〈0| ⊗ ρˆinE + |a1|2 |1〉 〈1| ⊗ 2−nIˆn+
2−n/2−1 ·
(
a0a
∗
1 |0〉 〈1| ⊗
[
|0n〉 〈sn1 |+ |1n〉 〈sn1 |
]
+ a1a
∗
0 |1〉 〈0| ⊗
[
|sn1 〉 〈0n|+ |sn1 〉 〈1n|
])
+ (−1)N
{
2−n/2−1
(
a0a
∗
1 |0〉 〈1| ⊗
[
|0n〉 〈sn2 |+ (−1)n |1n〉 〈sn2 |
]
+
a1a
∗
0 |1〉 〈0| ⊗
[
|sn2 〉 〈0n|+ (−1)n |sn2 〉 〈1n|
])
+ 2−1 |a1|2 |1〉 〈1| 2−n/2 (1 + (−1)n)
n⊗
i=1
Bˆ
pi/2
1
}
(34)
III) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k=1−1∑
m=0
am |m〉, ρˆinE = 2−nIˆn, û(φ=pi/2)j -evolution
ρˆoutSE (L = n) =
(
|a0|2 |0〉 〈0|+ |a1|2 |1〉 〈1|
)
⊗ 2−nIˆn+
(a0a
∗
1 |0〉 〈1|+ a1a∗0 |1〉 〈0|)⊗ 2−n
(∣∣sL=n1 〉 〈sL=n1 ∣∣+ (−1)N ∣∣sL=n2 〉 〈sL=n2 ∣∣) (35)
IV) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ρˆinE , ∣∣Ψ inS 〉 = 2k=1−1∑
m=0
am |m〉, ρˆinE = 2−1 (|0n〉 〈0n|+ |10n−1〉 〈10n−1|), û(φ=pi/2)j -evolution
ρˆoutSE (L = n) emerges from (34) by applying the following substitutions:
|1n〉 ↔ |10n−1〉 , (−1)n
(|1n〉 〈sL2 ∣∣+ h.c.)↔ (−1)1 (|10n−1〉 〈sL2 ∣∣+ h.c)
(1 + (−1)n) n⊗
i=1
Bˆ
pi/2
1 · δL,n ↔ (−1)n−1
n⊗
i=1
Bˆ
pi/2
1 · δL,n (36)
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V) Input:
∣∣Ψ inSE〉 = a |0k=1〉 ⊗ ∣∣sL=n1 〉+ b |1k=1〉 ⊗ ∣∣sL=n2 〉, û(φ=pi/2)j -evolution∣∣ΨoutSEL=n〉 = a |0〉 ⊗ |sn1 〉+ (−1)N b |1〉 ⊗ |sn2 〉 (37)
D.2 Output states ρˆoutSE of the random unitary evolution for the minimal attractor space
In this appendix we list the output states ρˆoutSEL of the random unitary evolution used in section 3 of the main text
when discussing Quantum Darwinism from the point of view of the minimal λ = 1 attractor subspace.
I) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k−1∑
m=0
am |m〉, ρˆinE = |0n〉 〈0n|, û(φ=pi/2)j -evolution
ρ̂outSE = |Ψ ′〉 〈Ψ ′|+ 2−n ·
2k−1∑
y=1
|ay|2 |y〉 〈y| ⊗
(
În − |sn1 〉 〈sn1 |
)
, (38)
where |Ψ ′〉 = a0 |0〉 ⊗ |0n〉+
2k−1∑
y=1
ay2
−n/2 |y〉 ⊗ |sn1 〉.
II) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k−1∑
m=0
am |m〉, ρˆinE = |1n〉 〈1n|, û(φ=pi/2)j -evolution
ρ̂outSE = |a0|2 · 2−n (1− 2−n)−1 |0〉 〈0| ⊗
(
În · 2−n − |0n〉 〈0n|
)
+ 2−n ·
2k−1∑
y=0
|ay|2 |y〉 〈y| ⊗ În
−2−3n/2 · (1− 2−n)−1
2k−1∑
y=1
{
a0a
∗
y |0〉 〈y| ⊗ |0n〉 〈sn1 |+ aya∗0 |y〉 〈0| ⊗ |sn1 〉 〈0n|
}
+2−n ·
2k−1∑
(x 6=y)=1
{
(1− 2−n)−1 · a0a∗y |0〉 〈y|+ (1− 2−n)−1 · aya∗0 |y〉 〈0|+ aya∗x |y〉 〈x|
}
⊗ |sn1 〉 〈sn1 |
(39)
III) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k=1−1∑
m=0
am |m〉, ρˆinE = 2−1 (|0n〉 〈0n|+ |1n〉 〈1n|), û(φ=pi/2)j -evolution
ρ̂outSE = |a0|2 |0〉 〈0| (1− 2−n)−1 ⊗
{
În · 2−n−1 + |0n〉 〈0n|
(
1− 21−n)−1 ( 12 − 21−n + 21−2n)}
+ |a1|2 |1〉 〈1| ⊗ 2−n · În + a0a∗12−1
(
1− 21−n)−1 |0〉 〈1| ⊗ {|0n〉 〈sn1 | · 2−n/2 (1− 21−n)+ 2−n |sn1 〉 〈sn1 |}
+a1a
∗
02
−1 (1− 21−n)−1 |1〉 〈0| ⊗ {|sn1 〉 〈0n| · 2−n/2 (1− 21−n)+ 2−n |sn1 〉 〈sn1 |}
(40)
IV) Input: ρˆinSE =
∣∣Ψ inS 〉 〈Ψ inS ∣∣⊗ ρˆinE , ∣∣Ψ inS 〉 = 2k−1∑
m=0
am |m〉, ρˆinE = 2−nIˆn, û(φ=pi/2)j -evolution
ρ̂outSE =
2k−1∑
x=0
|ax|2 |x〉 〈x| ⊗ ρˆinE + 2−n
2k−1∑
(x 6=y)=0
axa
∗
y |x〉 〈y| ⊗ |sn1 〉 〈sn1 | (41)
V) Input:
∣∣Ψ inSE〉 = a |0k=1〉 ⊗ ∣∣sL1 〉+ b |1k=1〉 ⊗ ∣∣sL2 〉, û(φ=pi/2)j -evolution
ρ̂outSE = |a0|2 |0〉 〈0| ⊗ |sn1 〉 〈sn1 |+ |a1|2 (2n − 1)−1 |1〉 〈1| ⊗
(
În − |sn1 〉 〈sn1 |
)
, (42)
References
1. Joos, E. et al. “Decoherence and the Appearence of a
Classical World in Quantum Theory”, Springer, 2003.
2. W. H. Zurek, “Decoherence, einselection, and the existen-
tial interpretation (The Rough Guide)”, Philos. Trans. R.
Soc. London, Ser. A 356, 1793–1821 (1998).
3. R. Blume-Kohout, W. H. Zurek, “A simple example
of ’Quantum Darwinism’: Redundant information stor-
age in many-spin environments”, Found. Phys. 35,
1857–1876 (2005).
4. W. H. Zurek, “Environment-induced superselection
rules”, Phys. Rev. D 26, 1862–1880 (1982).
5. F. G. S. L. Branda˜o, M. Piani, P. Horodecki, “Quantum
Darwinism is generic”, arXiv: quant-ph/1310.8640v1
18 Nenad Balaneskovic´
(2013).
6. J. Novotny´, G. Alber, I. Jex: New Jour. Phys. 13, 053052
(2011).
7. J. Novotny´, G. Alber, I. Jex, Phys. Rev. Lett. 107,
090501 (2011).
8. W. H. Zurek, Nature Physics 5, 181 - 188 (2009).
9. M. Berta, J. M. Rennes, M. M. Wilde, “Identifying the
Information Gain of a Quantum Measurement”, IEEE
60, 7987-8006 (2014).
10. J. Novotny´, G. Alber, I. Jex, J. Phys A 45, 485301
(2012).
11. D. Serre, “Matrices - Theory and Applications”, Springer
GTM, 2nd Ed. (2010).
12. R. Brualdi, D. Cvetkovic, “A Combinatorial Approach to
Matrix Theory”, Taylor and Francis (2010).
